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A 3 x 3 block of squares, with opposite sides identified in the usual way, 
yields a “map” of nine quadrangles covering a torus. The solid figure bounded 
by this surface may be called a ‘toroid’. The four-dimensional double prism 
j3: x {3}, which is the Cartesian product of two equilateral triangles, may be 
regarded topologically as a pair of toroids covering the 3-sphere S”. The present 
paper deals with a set of twenty (instead of two) toroids covering the 3-sphere. This 
arrangement is realized geometrically in two ways: First in Euclidean 4-space, 
with some of the 90 quadrangles appearing as trapezia, and then in Euclidean 
5-space with all of them appearing as squares. Both these realizations have a 
property of cell-complexes, namely, each toroid has exactly one quadrangle in 
common with each of its nine neighbors. 
INTRODUCTION 
According to the usual definition, the celis of a complex are the images of 
convex polytopes under some specified type of mapping (for example, piece- 
wise linear transformations, or homeomorphisms).l This implies, inter aha, 
that each cell is a topological disc or ball. Recently, Branko Griinbaum 
suggested that it might be of interest to consider complexes whose cells were 
of other topological types. The purpose of this note is to describe two iso- 
morphic 3-complexes, which we shall denote by %Y4 and W5 since they are 
embedded in E4 and E5, respectively. In each case the cells of zero, one, and 
two dimensions are points, line-segments and 4-gons, but the 3-cells are 
foroids. (A toroid is defined as a torus together with its interior.) Also, the 
set of each complex (the union of its cells) is a 3-sphere. 
Both these complexes have many interesting properties. Let us use V to 
represent the combinatorial isomorphism type of GP and W. Then ‘$2 is 
regular. Precisely, this means that if F(g) represents the set of all flags of ‘c, 
co c Cl c cz c cs, 
I For further information on the properties of convex polytopes and cell complexes, 
see, for example. [6]. 
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where Ci is an i-cell of %, then the automorphism group A(%) of %? is transi- 
tive on F(V). We recall that if the boundary complex of a convex polytope P 
has this property, then P must be combinatorially isomorphic to a polytope 
which is regular in the usual (metric) sense [7]. 
The automorphism group A(g) is of order 2 . 6! = 1440, whereas the 
symmetry groups (groups of isometries) S(V) and S(g5) are of orders 
2 . 5! = 240 and 6! = 720, respectively. In particular, it is clear that there is 
no complex in E4 of the type V which has a symmetry group isomorphic to 
A(%?). This statement is of interest because of the long-standing conjecture 
that every combinatorial isomorphism type of boundary complex of a convex 
n-polytope P can be embedded in En in such a way that its automorphism 
group and symmetry group are isomorphic. In fact if T is a toroidal cell of 
g4, then there are elements of A(%?) which “turn T round itself” like a smoke- 
ring. There are also elements which interchange the two types of circuit on T. 
It is evident that neither of these operations can be represented by isometries 
in E4. 
The complex V5, which is described in Section 3, is derived by a geometrical 
construction from the regular 5-simplex {3, 3, 3, 3). Its structure seems to be 
such as to justify our name of regular skew polytope. Since V4 and V5 are 
isomorphic complexes, there is a piecewise linear mapping of S9 into V4 
which takes each cell of V5 into the corresponding ceil of g4. This mapping is 
curious and can only be described as a “crumpling.” It is surprising that it is 
described so easily in geometrical terms. 
In the final section we mention a number of complexes which are similar to 
g4 and g5 in that they have toroidal cells. However, none of these is regular. 
Unknown to us at the time we carried out this investigation, Branko 
Griinbaum independently discovered the complex %9 in a combinatorial sense, 
that is, he listed the cells and their incidences. He also discovered several 
more regular complexes of a similar nature. We hope he will soon publish the 
details of these. In the meantime, not wishing to anticipate his results, we have 
stressed the geometrical properties of the embeddings %Y4 and +P rather than 
the combinatorial properties of V itself. 
1. THE COMPLEX %?* 
If we take a rectangle L consisting of my1 squares arranged in m rows and 
n columns, and we identify opposite sides of L in the usual manner, then we 
obtain an (m, n)-torus. The three-dimensional region consisting of an (m, n)- 
torus in E3, together with its interior, will be called an (m, n)-toroid. For a 
geometrical realization of an (m, rz)-toroid, that is, one in which the Z-cells are 
(flat) polygons, it is clearly necessary that m > 3 and n > 3. When we do not 
specify the values of m and n, and refer simply to a toroid, then the minimal 
REGULAR %COMPLEXES 233 
values nz = n = 3 are to be understood. Using the fact that the automorpb~sr~ 
group of a triangle, like the symmetry group of an equilateral triangle, is 211% 
dihedral group D3 of order 6, we see that for a toroid T, the automorphism 
group has order 6 . 6 2 = 72, while the largest possible symmetry group sf 
7is 211, x X&r Q, of order 12. 
In describing the following construction we must bear in mind that, 
according to the definition of a complex [6, p, 391, the intersection of any two 
cells of ‘% must be a face (proper or improper) of each. This distinguishes a 
complex from a space-filling or simple covering in which there is no restric- 
tion on the intersections. For example, in Section 3 we shall mention a 
simple covering of the boundary of a four-dirneus~o~a~ prism (3) x 13) by 
two toroids. This is not a complex. 
Consider the triangular bipyramid with apexes g,, , pzO and equatorial 
triangle p03p04pOj (see Fig. I). Let pij be the midpoint of the line segment 
iapoj (i = 1, 2; j = 3, 4, 5) and dissect the bipyramid in the following way. 
FIGURE 1 
First make vertical cuts (that is, cuts parallel to plOpzO) joining 
P15&3 > P13p14 to p24P25 9 P25p23, P23P24, respectively. In this way we obtain an 
equatorial toroid with vertices pij (i = 0, 1, 2; j = 3, 4, 5) and a three-sided 
“plug.” The latter is then dissected into three triangular prisms by vertical 
. 
cuts Joinl% pIOk ) PlOpI ? p10p15 to hop23 ) PZOP24 ) PZOP25 ) respectively- 
Now let poi (i = 1, 2,..., 5) be the vertices of a regular simplex (3, 3, 3]- 
in E4 and pjo (.j = 1, 2 ,..., 5) be the vertices of a reciprocal regular simplex 
(3, 3, 31-l (so that, for each i, the line segment piopoi contains their common 
134 COXETER AND SHEPHARD 
center). For convenience in the description of the geometrical construction 
we shall assume that (3, 3, 3}-l is of such a size that the center of each one 
of its edges coincides with the center of a triangular 2-face of the original 
(3, 3, 3). Then the 10 facets (3-faces) of conv((3, 3, 3> x (3, 3, 31-l) are 
triangular bipyramids whose equatorial triangles are the 10 triangular 
2-faces of (3, 3, 3). We perform the construction described above on each of 
these bipyramids. This yields 10 toroids and 30 triangular prisms. However, 
as three bipyramids meet at each edge we may stick these prisms together 
in threes to form 10 more toroids, one looped round each edge of (3, 3, 3). 
For example, the toroid with vertices pii (i = 1, 2, 3; j = 0, 4, 5) is built up 
from the three prisms with vertices (pij \ i = 2, 3; j = 0, 4, 51, fpij [ i = 3, 1; 
j = 0, 4, 5}, {pij j i = 1, 2,; j = 0, 4, 5) and is looped round the edge 
PoePos . These 10 new toroids are slightly “bent” in a four-dimensional 
sense, whereas the original ten were “flat.” If 13, 3, 3}-l is taken to be the same 
size as (3, 3, 3) then all 20 toroids are “bent” equally and the order of the 
symmetry group is then maximal. In this case we shall denote the complex 
by g4. 
Each toroid of g4 has a quadrangular 2-face common to each of its nine 
neighbors and there are three toroids surrounding each edge. The vertex 
figure is a (topological) cube. There are (9 . 20)/2 = 90 %-cells, (18 * 20)/3 = 
120 edges and (9 * 20)/6 = 30 vertices in V4. Since set g4 is a 3-sphere its 
Euler characteristic is 0 as can be verified from the expression 
where C xi means the sum of the Euler characteristics of all the i-cells of 0. 
The notation introduced above for the vertices of V4 enables us to display 
the automorphism group A(%?) in a very simple manner. The 30 vertices are 
Tg (i,j = 0, l,...) 5; i #-j) and the 9 vertices of a toroid are (pij j i = a, 6, c; 
j = d, e, f} where (a, b, c, d, e,f) is any permutation of (0, 1, 2, 3, 4, 5). 
Thus we can see that A(%?) is of order 1440 of which 6 ! = 720 operations 
correspond to permutations of the subscripts and there is also an operation 
2 of period 2 which interchanges the two subscripts (pij -+ pii). A flag in 
F(g) can be written in the schematic form 
from which the transitivity of A(%) on F(V) is apparent.. On the other hand 
the symmetry group S(q4) is of order 240 of which 5! = 120 elements are 
the symmetries of (3, 3, 3) and there is also an operation 2 of period 2 that 
corresponds to central inversion (or reflection in the center). 
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2. A PRESENTATION FOR THE GROUP A(%) 
Two flags are called neighbors if they differ in only one cell. Clearly each 
flag of 59 possesses exactly four neighbors. The flag presented schematicalty 
above is transformed into these by the four operations 
These generate the direct product C$ x 6, and satisfy the relations 
R,” = (R,R,)” = (R,R$2 = (R,R,)” 
= (R,R,j4 = (R,R3)4 = (R3R4)3 = (R~R~R~R~~ = 1, 
Without (R1RZR3R2)3 = 1, these are the defining relations for the symmetry 
group [4, 4, 3] of the infinite hyperbolic honeycomb {4, 4, 3) [3, p. 202]. Thus 
P may be derived from that honeycomb by making suitable identifications, 
namely, by embedding nine squares of the horospherical tessellation (4, 43 
into a torus. This is somewhat analogous to the derivation of the complex 
(4, 3, 413 [4, p. 281 from the ordinary cubic honeycomb (4, 3, 4) by adding 
the extra relation (R,R,R3Ra3 = 1 to the presentation for 14, 3, 41. 
Since the above operations satisfy 
R,R,R,R, = (a df b e>Z, 
the symmetric group 6, itself merely requires the extra relation 
(R1R,R3R,)” = 1. 
The “rotation” group of the complex is (C-a x M, , generated by the operations 
Tl = R,R, = (a d b e)(cf>Z, 
T2 = R,R3 = (a d)(b e c f >a, 
T, = R,R, = (b f c), 
with the presentation 
T14 =- T32” = T,” = (TIT,)” = (Tutor,>* = (T-J-,)” = (TIT,-“)” = 1. 
The alternating group ‘2X6 itself can be derived by adding the extra relation 
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(T,T,)5 = 1. The completeness of this presentation can be checked by 
enumerating the 10 cosets of the subgroup of order 36 generated by Tl and T, . 
The connection between %? and 6, will become clearer when we examine 
the embedding W in the next section. 
3. THE REGULAR SKEW POLYTOPE V 
Let the triangular 2-faces 
wM3 P qzq3qo 7 q3qoq1 9 qowlz 
of a regular tetrahedron (3, 3) be contracted homothetically about their centres 
and in their planes to form triangles 
qo1qo2qo3 2 %2%3%0 9 q23q2oq21 3 q30(131q32 * 
If this is done in such a way that the convex hull of these 12 points has 24 
edges of equal length, then this convex hull is a cuboctahedron e,(3,3} or 
t,,,{3, 3) inscribed in the tetrahedron. The symbol e2 was introduced by 
Mrs. A. Boole Stott to indicate a different construction having the same 
effect [I, p. 139; 2, p. 210; 3, p. 451. 
Let us apply an analogous homothetic contraction to the six facets 
of a regular simplex 13, 3, 3, 3) in E5 so as to obtain six 4-simplexes 
q5oq51q52q53q54 . 
If this is done in such a way that the convex hull of these 30 points is a 
polytope with 120 equal edges, then this polytope is denoted by e,(3, 3, 3,3} 
or t,,,{3, 3, 3, 3) or by the graphical notation 
@-.-.-.-@ 
Its facets comprise 12 simplexes (3, 3, 3), 30 prisms (3, 3) x ( > or { > x (3, 3}, 
and 20 prisms (3) x (3) [3, pp. 43-49, 86; 5, pp 37, 1221. It is this last type 
of facet in which we are interested. It arises as the convex hull of three triangles 
(such as q30q31q32 , q40q41q42 , q50q51q52) which originated from the same 
triangular 2-face q,q,q% of (3, 3, 3, 3). Each of these (3) x (3) prisms has six 
triangular 2-faces and nine square 2-faces. The nine square faces form a 
skew polyhedron (4, 4 1 3). This is a 2-manifold, in fact a (3, 3)-torus which 
cuts the boundary of (3) x (3) into two parts. Each part is a (three-dimen- 
sional) toroid “bent” in the fourth dimension. From each prism we now select 
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one of the two toroids in the following way. First select one of the toroids In 
one of the prisms at random, and then consider this along with the 19 others 
which are images of it under the operations of the symmetry group [3, 3, 3, 3] 
of (3, 3, 3, 3). Denote by %Y5 the complex consisting of these 2Q toroids, their 
square 2-faces, edges .and vertices. The fact that V5 is a complex follows 
immediately from the existence of the mapping 
Pij - Qij (i, j = 0, I,...) 5; i #.i). 
which induces an isomorphism between V” and V. Thus, set W is a 3-mani- 
fold in E5 and the fact that ?? is regular justifies our description of W as a 
regular skew 3-polytope. 
We note that the symmetry group S(V) coincides with [3, 3, 3, 3] and is of 
order 720, half that of A(%). The elements of A(%‘) which are not represented 
by symmetries are those which interchange the two toroids in each (3) x (3;. 
The simplest way to ascribe coordinates to the points qij is to take six 
ca.rtesian coordinates in E6 satisfying C xi = 0. If we take the permutations 
of (5, - I, - 1, - 1, - 1, - 1) to be the coordinates of the vertices of 
(3, 3, 3, 31 then the coordinates of the q, turn out to be of the form (I, - I, 
0, 0, 0: 0) with 1 in the ith place, - 1 in the jth place, and zeros eisewhere. 
It does not seem possible to describe the mapping ‘@ + %T4 conveniently in 
analytical terms. It will be noticed that one-third of the square 2-faces of W 
are mapped into squares, while each of the remaining squares is mapped limo 
a trapezium. In fact it seems remarkable that such a mapping has an image 
which can be described so easily in geometrical terms. In mapping from 
E5 to E”, two-thirds of the symmetries of P cease to be isometrics. 
4. SOME OTHER CoMPLExa 
Appiying the procedures of the previous sections to other polytopes and 
honeycombs yields other complexes with toroidadi cells. Here we note briefly 
a few of the results which seem to be of interest. 
The operation of cutting up bipyramids to form toroids as described in 
Section 1, can be applied to any 4-polytope or 3-honeycomb in which three 
triangles meet at an edge. For example, if it is applied to the regular M-cell 
bounded by octahedra [2, p. 1491 we obtain a complex with 192 toroidal 
3-cells. Its vertex figure is a rhombic dodecahedron. Since some of the edges 
he in three toroids, and others in four, the resulting complex is not regular. 
An unusual honeycomb of (4, 3)-toroids can be constructed in a similar 
way from the cubic honeycomb (4, 3, 4) in E3 [Z, p. 491. As the X’aces are 
squares, four meeting at each edge, we must begin by constructing square 
bipyramids, and converting these into (4, 3)-toroids by removing a square 
582b/22/2-4 
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“plug.” This is then cut into four triangular prisms. The resulting complex 
has a (4, 3)-toroid corresponding to each 2-face of (4, 3, 4) and also a (4, 3)- 
toroid looped round each edge, built up from four triangular prisms. Each 
vertex figure is either a rhombic dodecahedron or a cube. 
Instead of starting from a 5-simplex (3, 3, 3, 3} as described in Section 3, 
we may apply the process described there to the 4-cells of the cubic honeycomb 
(4, 3, 3, 4) in E4. Instead of (3, 3)-toroids we obtain (4, 4)-toroids derived 
from (4) x (41, which is a 4-cube [5, p. 381. These (4, 4)-toroids fit together 
as a complex forming a kind of sponge extending loosely over E4 in a manner 
somewhat resembling the 3-sponge (4, 6 1 4) [3, p. 771. 
Analogously, in hyperbolic 4-space, we can start from the honeycomb 
(5, 3, 3, 5) [3, p. 2041 to obtain infinitely many (5, 5)-toroids each derived 
from a prism (5) x (5). 
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